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ABSTRACT 
The following theorem is proved: Let R be a commutative ring. If the ring of all 
n X n matrices with elements in R contains a subfield, then R contains a subfield. The 
result is false for general non-commutative rings R. 
Let R be a ring and let M, (R ) be the ring of n X n matrices over R. In 
[l], [2] the following result was proved with some special assumption on the 
ring R: If M,, (R) contains a subfield, then R contains a subfield. (It is not 
required here that the unit of a subfield be a unit element for the parent 
ring.) In this note we show that the result is false in general but is true when 
R is commutative. 
THEOREM. Let R be a commutative ring. If M,,(R) contains a subfield, 
then R contains a subfield. 
Proof. Let L be a subfield of M, (R ), and let E = (Iii) be the unit of L. 
By the Hamilton-Cayley theorem we can write 
E “+l, i t,E’, 
where t 1, 2,. . ., t, are the usual symmetric polynomials in the 1,. Since t 
E ‘= E, it follows that E = eE where e = C:,, t,, and so ex = x for all 
elements x in the ideal C i i R lit. In particular we conclude that e2 = e, and 
of course e #O. We note &at eA = A for all A in L. 
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Now we can write e = E i,i pii l,, where the pii are in R. We define a map 
+:M, (R)-+R as follows: if X=(x& then + (X)=Zi,i pii xii. Then clearly $J is 
R-linear and 9 (E) = e. We show that if F is the prime field of L, then +]F is 
a ring isomorphism, so that $I (F) is a subfield of R whose unit is e. Since + is 
additive and +(E) = e #O, we only have to show that @IF is multiplicative. 
Write AT for the inverse in F of rE, where r E Z and rE #O. It is then enough 
to show that +(A,.AJ =+(A,)+(A,). Starting from the relation rsA,= E and 
applying +, we get rs$(A,)= e. Multiplying by +(A,)$(A,) and using the 
R-linearity of +, we get +(eA,) = +(eA,)$(A,). But A, = A,A, and eA = A for 
each A in L. Thus +(A,A,) = +(A,)+(A,), and the proof is complete. n 
We give an example of a ring R such that R has no subfield but such that 
Ma (R ) has a subfield. Let K be a formally real field, and let x be 
transcendental over K. Let D be the quaternion algebra generated over 
K (x) by u and v, where u 2=~,v2=~+~anduv=-vu.WeshowthatDis 
a division algebra. For that it is enough to check [3, 57: 9 (5)] that the 
equation xu2 + (x + +) b2 = 1 has no solution a, b in K (x). On the contrary, if 
such a solution exists then it is an easy matter to check that there exist 
non-zero polynomials f(x), g( x and h(x) in K [x] such that f(~)‘+(r+ a) ) 
g(@= h(x)! It f o 11 ows from this that f(r) and g(x) have the same degree, r 
say, and that if e and d are the coefficients of x’ in f(x) and g(x) 
respectively, then c2 + d2 = 0. But K is formally real, and we have a con- 
tradiction. 
We now set w = v + i and take the ring R to be the ring generated over 
K by u and w. Since u2= x, w2= w - x, and wu = u - uw, it follows that 
every element in R has the formf(x)+g(x)U+h(x)w+k(x)uw, wheref(x), 
g(x), 44 and k( x are in K [x] and f(0) = 0. Furthermore these coefficients ) 
are unique since 1, u, w, uw span D. It follows that 1 @R, and so R contains 
only the trivial idempotent, since D is a division algebra. Thus R contains no 
subfield. On the other hand, 
is an idempotent in M, (R), and so L = {(YE Ia E K } is a subfield of M, (R). 
REMARK. To obtain an example where the ring contains a unit, simply 
replace R in the above example by R,=R+Z={(r,z)JrER, ZEZ}, where 
(r,z)+(rl,zl)=(r+rl,z+zl) and (r,Z).(rl,Z1)=(rrl+ZT1+Z1r,ZZ1). 
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